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1. INTRODUCTION NAPIER'S COUNTING BOARD 3. ARITHMETIC ALGORITHMS ON FINITE DECIMALS

John Napier (1550-1617) described a rectangular , o 0

There are two ways of explaining arithmetic algorithms. counting board on which each square had its Example of multiplying 195*(10+ 4/5)

The first way, used in schools, relates algorithms to par- .
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ticular applications. For example, the algorithm for addi- e - T oach =
tion may be explained in terms of counting the number of VATES T EECT GO A BaBh IO
pencils that are bundled in groups of ten, which are kept formed a geometric progression ) L .
in boxes holding ten bundles each. Here, “regrouping” can with a factor of 2. He said that the 2 B TS S S Ay S B S ) S S — — T T T o —rr—r—rr . r
mean Opening a bOX and taking OUt 3 bundleS- Slze Of SUCh a board ShOUId depend 320 160 80 40 20 10 .5 320 160 80 40 ‘20 10 5 320 L160 80 40 20 10 5 320 &/160 80 40 20 10 3
The second approach also uses concrete examples. But on the complexity of the computations ‘ ‘
instead of dealing with applying numbers, the examples that were being attempted. . . .
. 195 195* 4 195* 4/5 195*(10+ 4/5)
deal with data that represent numbers, such as the con- !
figuration of beads on a Japanese soroban or pebbles on a T School curricula require that at some time students learn algorithms for addition,
Roman abacus. 1 | [ subtraction, and multiplication for positive and negative numbers (integers) and am| ool | ol ol el e am| ool | ol ol el e
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NCi i He described how to perform several arith-
Bgth appmaChe_S adhere to the principle that a young learn r ions b P ot of All these algorithms may be explained and executed efficiently on base-10 boards ] el  w| e oo &’ 10 s | w0l  e|  ow] o k :
er's understanding evolves fr‘_)m concrete to abSFraCtr but - 81 -1 2] Mme _'C operations by u.smg © same.se 0 with just one set of regrouping rules, and where the size of the board depends ‘ &
each approach takes a very different path. We will not ad- basic rules, and one kind of token (a jeton). only on the size of the numbers involved, so it can increase from grade to grade, e, B,
dress here the question of whether both approaches can We think that it was the first known attempt starting with a 2 by 2 board, and ending with a board that is approximately 6 by 8. Regroup Regroup: 2016
be used together. ———— 4] £ 11 to create a universal computing device. | S | |
Students do not need to know arithmetic “facts” such as, 5 + 7 = 12 or 78 = 56, to use the regrouping rules and to perform the computations. The feature that know-
Ing addition and subtraction facts is not necessary to execute addition and subtraction, is common to many counting boards. But the feature that multiplication facts are not
needed is specific to Napier’s construction, in which the values of locations form geometric progressions in columns and in rows. On such boards any multiplication can be
\ DA R0ARD AND R/ . R E OLIE ] done by “shifting the multiplicand to some new positions and adding their values”, which was the principle that also underlay the use of logarithms and the slide rule.
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We have modified Napier's board so that Again, the size of the board depends on the task to be done, and evenavery ||
the values in each row form a geometric small board, 2 by 2, happens to be a useful teaching tool. We use two-sided | w00 100 50 25 4 SUBJECTS AND PROCEDURE A SHORT DESCRIPTION OF EACH SESSION:
progression with a factor of 2, but the values tokens, white and red (or two kinds of tokens), where the color distinguishes | ' 1. Placing numbers on a 2 by 2 board, simple addition and
In each column are modified for a progression between positive and negative numbers. \ { subtraction, regrouping
with a factor of 5. et 2 1 . Fifty-six students in two different classes, Fundamentals of elementary mathematics 2. Learning doubling and addition on three new boards,
. Il and Fundamentals of elementary mathematics Ill (Statistics), for prospective and 2 by 3, 3 by 2, and L-shaped
u 4 5 1 practicing K-8 teachers at a university in the southwest United States participated. 3. Adding ten two-digit numbers and regrouping on a 4 by 4 board
297 There were 32 in the first group and 24 in the second. During one semester they 4. Adding including negative numbers on a 4 by 4 board
were introduced to counting boards of different sizes, beginning with a 2 by 2 board g kﬁal"_‘"l‘q multlp!lcatrllgn by 2, 5, a;",d 1%', us!gg two 5 by 7 boards
and working up to a 5 by 7 board. They worked with the boards over three and a half - Vi t!p ying agaln,_t SUME IR Cl Ay
100 50 25 . . . . /. Multiplying negative numbers
| ! ! weeks, two times per week, for 15 to 20 minutes per session. Then they filled out an 3 A i :
e S anonymous questionnaire - Anonymous guestionnaire
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220 L 0 2 = & 2 We report data from two groups of university students, Statistics for future teachers (24 Ss) and Elementary mathematics SUMMARY OF COMMENTS
|l for future teachers (32 Ss). First are separate opinions from each group about whether counting boards should be used FROM BOTH GROUPS
64 32 16 8 4 2 In schools, and reasons not to use them. And then comments from the two groups giving reasons that they should be
3124 used, and what they learned are summarized. o L1y SO D 5l
used in schools?
GROUP: STATISTICS FOR FUTURE TEACHERS GROUP: ELEMENTARY MATHEMATICS Il FOR Most comments were general, stating
Number of subjects: 24 FUTURE TEACHERS: Number of subjects: 32 that this is—
. _ _ 2 2 game-like, fun, visual, hands-on,
All rules for moving tokens that are An important property of any board for which the values of rows Do you plan to be a teacher? yes 23, not sure 1 Are you a tea(_:her' ves 5 interesting, easy, challenging, a different
already on the board have to leave the . . . Have you learned anything new from Are you planning to be a teacher? yes 25, not sure 2 way of learning arithmetic.
and columns form a geometric progression: Any rule can be used in L .
total value of the tokens unchanged_ ” playing with the boards? yes 21, no3 Have you learned anything new from . . t e
: every place on any board. Therefore the three rules on the left are - - - playing with the boards? yes31, no' 0T SPECIHC commMENts mentioned-=
And all S.UCh rules can. be Obtalned-by y P y | | Do you think that counting boards should be used in: 0 - - boards should b Tin problem solving, critical thinking,
composing three basic rules, which sufficient to do any regrouping on a board of any size. E - elementary, M - middle, H - high school? 'y - yes, n - no or no answer: : -oeIZr?]gn:ar;/nMfmai‘:dﬁ:,o:l-]:n:;?scrzzllr? S should be used in. number sense, fundamentals, learning
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tokens on the Reasons not to use them in early grades (4 Ss): nl nl n 1 2no. 1 other answer new by playing with the
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- [They don't teach] critical thinking. boards?

- They are too complex.

same square
cancel, which

total yes = 26 27 20 32 The answers were of two categories:

| . 3 - It may confuse children in early grades. Reasons why not to use them in early grades (6 Ss): Specific comments, such as—
corresponds to One example of deriving 2+2+1 =5 No reason given (1 S) - Too difficult (2 Ss) “I've learned how to add, subtract, and
the genera o - Too confusing (1 S) multiply [on the board].”
, . Reasons not to use them in high school (5 Ss): - No reason given (1 S) A I PPN
;:Itrmetlc act ) - For complex problems, using a board can be confusing. - “Students should learn traditional algorithms first.” (2 Ss) ?eag;:;rzex:q;;nt;;ﬁvgr;t Jll;acyz ze;v
atx + -x = U. -Th Id not be interesting for high school students. - / '
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5 5 . : . o s a - No reason given (3 Ss) - Not useful (4 Ss) e
<= 1= 7 = = - Too easy, not challenging enough (3 Ss) WITT adjectives Such as—
RULE 2: - | Y N \% N4 \){f 1 - “Students should learn traditional math.” (1 S) simple, easier, more visual, hands on.
A token moved to the \_4 1 s \)1 ~Noreason given {4 53|

right has to be doubled, Another example 1 .
72X = X + X. on L-shape board: \yf = | : 5 6. CONCLUSIONS REFERENCES

how5 + 2 +1=8 o AN w Y

The explanations for the standard algorithms that are taught in school meet with well known difficulties, Baggett, P. & Ehrenfeucht, A. (2012). Number words and arithmetic: A story of numbers.

< PN for example, incorporating the concept of negative numbers into arithmetic, together with theinfamous ~ HPM-Americas Section Meeting, University of California at Berkeley, October.
un ne . . . . . ” . . . . — : % % '
Minus times minus is plus; the reason for this we shall not discuss”. It is usually explained in terms Mt/ www.math.nmsu.edu/~breakingaway/notes/number’s20words’s20berkeleyn. pf
of "changing direction”. a concept taken from vector spaces, which are not even included in the Everyday Mathgmatics Parent Handbook: Algorithms and Arithmetic in Everyday Mathematics (2006).
1 curriculum. On a decimal board, multiplication by -1 is simply changing the color of tokens (turning A Arbor Public Schools. |
c - - : : http://instruction.aaps.k12.mi.us/EM parent_hdbk/algorithms.html
RULE 3: them over), so doing it twice leaves the original configuration unchanged. = -
" _ _ _ _ _ Kamii, Constance & Lewis, Barbara (1993). the harmful effects of algorithms...in primary arithmetic.
This rule corresponds Also, both the skill of using the standard algorithms, and understanding them, heavily rely on @ nhttp/castle.eiu.edu/~scienced/5660/gotta/G-4_R-1.htm|
to the fact that student’s knowledge of arithmetic facts, and many students never fully master them. Algorithms  yys tochnolagy (2004). Napier's Chessboard Calculator
0 : Implemented on a base-ten board do not depend on these skills, so they may be a good replacement http://www.kuro5hin.org/story/2004/12/12/152529/56
2X + 2X = X + -X. = for standard algorithms. (We do not suggest that memorizing “facts” should not be required, but only e jonn (1617: 1990). Rabdology. Cambridge: MIT Press

that they are not necessary prerequisites for learning arithmetic algorithms.) Raimi, Raloh (2002), On Algorthms of Avithmetic.

So these and many other difficulties in teaching algorithms (e. g., how multiplication by a fraction  http://www.nychold.com/raimi-algs0209.htm|
“or x >0 For x <0 can yield a result smaller than the original value), could disappear if the way algorithms are taught in Van de Walle, John (2005). Do we really want to keep the traditional algorithms for whole numbers?
schools were based on the ingenious Idea of John Napier_ http://sd20numeracy.wikispaces.com/file/view/no_algorithms.pdf




