
1. IntroductIon
Technology has made most written arithmetic computations obsolete. So the goal of teaching arithmetic in elementary and middle school has 
switched from teaching arithmetic skills to making children understand arithmetic. But the content of what is taught has changed very little and is 
still based on verbal counting and memorization, which are the background skills for written algorithms. Yet learning these skills does not provide a 
good background for understanding arithmetic.

We propose a different approach to teaching arithmetic, following the approach of John Leslie, who in his Philosophy of Arithmetic (1817) based 
arithmetic not on counting, but on halving, which is needed for partitioning a quantity into two equal parts.

Arithmetic algorithms based on the idea of halving were developed much earlier by John Napier and described in his Rabdology (1617) under the 
headline of “location numbers”.

The algorithms proposed by Napier are HDV\�WR�OHDUQ��ÀH[LEOH� and�HI¿FLHQW.
The works of Leslie and Napier are still mostly ignored, in spite of an article by 
0DUWLQ�*DUGQHU��1DSLHU¶V�$EDFXV� in Knotted Doughnuts (1986).

We don’t propose any drastic changes in current teaching practices. But we 
suggest that children be shown how to plan and carry out arithmetic computa-
tions on one or more counting boards which we have designed, based on the 
work of Napier, Leslie, and some modern concepts of computer science.

2. HIstorIcal Background
1. The model that is most often used was designed by Guiseppe Peano in Arithmetices Principia: Nova Metodo Exposita (1889). Peano uses n+1 (a 
successor operation) as a basic arithmetic operation to create a sequence, 1, 2, 3, …, (which is now often called “the QXPEHU�OLQH”). Next he provides 
D�UHFXUVLYH�GH¿QLWLRQ�IRU�DGGLQJ�WZR�QXPEHUV�LQ�WHUPV�RI�Q����DQG�D�UHFXUVLYH�GH¿QLWLRQ�IRU�PXOWLSOLFDWLRQ�LQ�WHUPV�RI�DGGLWLRQ���$OO�RWKHU�DULWKPHWLF�
RSHUDWLRQV�FDQ�EH�GH¿QHG�IURP�DGGLWLRQ�DQG�PXOWLSOLFDWLRQ�E\�H[SOLFLW�GH¿QLWLRQV��

This system of numbers (called “QDWXUDO�QXPEHUV”), is extended by adding to it “ratios” of natural numbers (fractions), their “opposites” (negative 
numbers), and the number zero. Extending the operations of addition and subtraction (and their inverses) completes the construction of rational 
numbers. 

2.  John Leslie thought that the invention of numbers was motivated by a need for a fair partition of a collection of objects into two parts, as equal as 
possible. It can be done by the operation of halving (one for me, one for you) with a remainder one. Then Leslie constructs natural numbers using two 
basic operations, n+1 (successor) and 2*n (GRXEOLQJ). These two operations together form a structure that is now called a ELQDU\�KHDS, or binary 
tree.

Heap of natural numbers up to 31
 1 

 2                                 3

 4      5                 6                  7

 8   9   10  11       12        13  14  15

16  17  18  19  20   21  22  23  24  25  26  27  28  29  30  31

3. PractIcal countIng Boards
John Napier’s “abacus” was a rectangular counting board on which values of locations formed geometric progressions with quotient 2, both in

columns and in rows.

 …  …  …  …  …  …
 …  64  32  16    8    4
 …  32 16  8     4    2
 …  16  8  4      2    1
 

'HFLPDO�ERDUGV�DUH�D�PRGL¿FDWLRQ�RI�1DSLHU¶V�LQYHQWLRQ��ZKHUH�URZV�KROG�JHRPHWULF�SURJUHVVLRQV�ZLWK�TXRWLHQW���UDWKHU�WKDQ����DQG�DUH�H[WHQGHG�
to fractional values. And columns are also extended to fractional values. 

 …  …    …   …  …  … 
 …  50   10    2  .4   …
 …  25    5     1  .2    …
 …  12.5  2.5  .5  .1    …
 …  …    …   …  …  …

4. rules for regrouPIng tokens
A rule for regrouping tokens describes how to change a pattern of tokens on a counting board 
without changing the total value on the board. We also require that a rule FDQ�EH�XVHG�HYHU\-
where on a board. For each type of board, heap and decimal, there is a simple set of rules that 
DUH�VXI¿FLHQW�WR�FDUU\�RXW�DQ\�FRPSXWDWLRQ��$Q�H[DPSOH�RI�RQH�UXOH�RQ�DQ\�GHFLPDO�ERDUG��<RX�PD\�
replace one white token by two white tokens at a location just below.

,PSOHPHQWLQJ�DQ\�DULWKPHWLF�DOJRULWKP�RQ�D�ERDUG�ORRNV�DV�IROORZV��<RX�³SXW�D�QXPEHU´�RQ�D�ERDUG��
and regroup. You add more tokens and regroup. You continue until you get a solution, which you 
“read” from the board. The numbers you put on a board vary, depending on the arithmetic opera-
WLRQ�ZKRVH�YDOXH�\RX�DUH�WU\LQJ�WR�FRPSXWH��DQG�WKH�VSHFL¿F�DOJRULWKP�\RX�XVH��%XW�the rules of 
regrouping remain the same. They allow you to simplify the patterns of tokens and arrange them 
in a way that is easy to read as a decimal. Because the rules of regrouping remain the same, no 
algorithm is a prerequisite for any other algorithm.

The numbers on a heap, when scanned line by line, form an arithmetic 
progression of a number line. But all columns form geometric progres-
sions with the quotient 2. And this feature provides “fast access” to each 
QXPEHU� LQ�D�KHDS��$OO�GH¿QLWLRQV�XVHG�E\�3HDQR�FDQ�DOVR�EH�XVHG� LQ�
/HVOLH¶V�PRGHO��%XW�PDQ\�RWKHU� GH¿QLWLRQV��ZKLFK� XVH� WKH� FRQFHSW� RI�
GRXEOLQJ��SURYLGH�D�EDVLV�IRU�PRUH�HI¿FLHQW�PHWKRGV�RI�FRPSXWDWLRQ�WKDQ�
WKH�RULJLQDO�GH¿QLWLRQV�RI�3HDQR�

The�KHDS�ERDUGV are counting boards on which natural numbers are 
arranged in a ELQDU\�KHDS. Heap boards are not useful in practical com-
putations because the range of numbers represented on them is very 
small and limited only to integers.

He showed that the four arithmetic operations, addition, subtraction, multiplication, and division, and computa-

WLRQV�RI�URRWV�DUH�FDUULHG�RXW�YHU\�HI¿FLHQWO\�RQ�KLV�ERDUG��7KLV�LV�QRW�VXUSULVLQJ��EHFDXVH�WKH�XQGHUO\LQJ�SULQFLSOH�
makes his board similar to a two-dimensional slide rule, and not to other counting boards that were used in Asia 

and Europe. Unfortunately he represented the numbers in his own invented binary notation, which was probably 

the reason his invention was ignored.

Different tokens put on a board can have different values. We use two-color tokens. White always has the value 
1, and red has the value -1. But other colors or markings on tokens can indicate other values. The value of a 
token on a board is always the product of the value of the token and the value of the location. The total value of 
a board is the sum of the values of all tokens. Some computations may require the use of several boards used 
at the same time.

Two Models of Learning
the Concept of Whole Numbers

��WK�$QQXDO�0HHWLQJ��3V\FKRQRPLF�6RFLHW\���1RYHPEHU���������������/RQJ�%HDFK��&$������
3DWULFLD�%DJJHWW���'HSDUWPHQW�RI�0DWK��6FL����1HZ�0H[LFR�6WDWH�8QLYHUVLW\���/DV�&UXFHV��10��������������EDJJHWW#QPVX�HGX

$QGU]HM�(KUHQIHXFKW���&RPSXWHU�6FLHQFH�'HSDUWPHQW���8QLYHUVLW\�RI�&RORUDGR���%RXOGHU��&2���������������DQGU]HM�HKUHQIHXFKW#FRORUDGR�HGX���KWWS���ZZZ�PDWK�QPVX�HGX�aEUHDNLQJDZD\�

for further information, please contact Pat Baggett, baggett@nmsu.edu.

5. PartIcIPants, Procedure, and data collectIon
Twenty-nine students from an undergraduate statistics class for future teachers, and 12 undergraduate and graduate students in an algebra and 
JHRPHWU\�FODVV�IRU�FXUUHQW�DQG�IXWXUH�WHDFKHUV�ZHUH�VKRZQ�KRZ�WR�XVH�ERWK�GHFLPDO�DQG�KHDS�ERDUGV�IRU�VHOHFWHG�DULWKPHWLF�WDVNV�GXULQJ�WKH�¿UVW�
¿IWHHQ�VHVVLRQV�RI�WKHLU�FRXUVHV��'XULQJ�WKH�VHVVLRQV�WKH�LQVWUXFWRU�OHG�WKHP�LQ�OHDUQLQJ�DQ�RSHUDWLRQ�RQ�WKH�ERDUG��DQG�WKHQ�WKH\�SUDFWLFHG�RQH�RU�
more similar problems. Each session lasted about 15 minutes, for a total time of about 4 hours.

The topics for the decimal board covered the basic rules of regrouping, adding positive and negative numbers, one algorithm for division with 
remainder, two algorithms for multiplication of decimals, and some other tasks such as, “In how many ways can you represent the number 3 with 
two tokens on a decimal board?” �7KH�DQVZHU�LV����EXW�¿QGLQJ�WKHP�DOO�LV�QRW�HDV\��
The topics for the heap board, which is simpler to use, but which was introduced after the decimal board, included addition of integers, and chang-
ing a binary representation of a whole number created by “counting by halving” into a base-10 number. Students’ work in class was graded on 
the basis of bi-weekly writing assignments. But because they always had some choice among different topics, only some students wrote about 

the counting boards. 

some comments In tHeIr wrItIngs
comments by students about the heap board
- We were introduced to a new board that is numbered from 1-31 and is intended for early childhood. I really 
like the board because it helps children not only add and subtract, but to see the numbers on the board while 
they work the problems. 
- This new and improved counting board for young learners is amazing! Students can not only learn about 
evens and odds, but they can also learn about addition and subtraction. And students can visually see what 
the change is and what is happening.
- This board shows a fun way of adding and subtracting instead of just doing it with pencil with an equation. 
Using different colored tokens, students can keep track of where they are in the problem they are trying to 
solve.
��,�ZRXOG�GH¿QLWHO\�XVH�WKH�³KHDS´�ERDUG�WR�WHDFK�DGGLQJ�DQG�VXEWUDFWLQJ�WR�\RXQJHU�JUDGHV�EHFDXVH�LW�JLYHV�D�YLVXDO�OHDUQLQJ�H[SHULHQFH�IRU�WKH�VWXGHQWV�
They are not just looking at numbers on a page (e.g., 12 – 3 = ?). It allows the students to see the little tokens move.

comments by students about the decimal boards
- I think the boards can help students understand how addition, subtraction, multiplication, and division actually work. 
- Using the boards gives students a different way of solving complicated multi-step problems. It also treats math as 
more of a game and a puzzle challenge, which engages their interest and keeps them motivated. This may help some 
students that struggle with traditional methods to be able to grasp the concepts better. 
- This activity was very fun to do! I enjoyed learning to use the counting board to add, subtract, multiply, and divide.
Addition and subtraction were easier to do than the other two. I think this activity is great because children start to think 
about numbers in a whole different way. I tried this with my 7-year old daughter… and I like that her brain is working and 
coming up with different ways to make a certain amount…
- It feels like you’re playing a game instead of making equations.
- Learning division on the counting board will teach children that doing math is a lot of fun and should not be so hard and 
it helps them understand the process.
- I really enjoyed learning how to do division on the counting boards. The whole concept really made sense to me, and I 
think it would also make sense to students. I believe if you start teaching students how to use the counting boards from 
a young age, they will gain a more in-depth understanding of math operations.

        Questionnaire for algebra and geometry class
4XHVWLRQQDLUH�DERXW�WKH�GHFLPDO�FRXQWLQJ�ERDUG
1. Which activities that we did in class do you still remember? (If something was done in more than one way, you can count it
as more than one activity.) Mark each one that you remember well enough to show to someone else.

���:H�ZDQW�WR�NQRZ�\RXU�RSLQLRQ�
Do you think that the board should be used as a teaching aid in schools? If yes, in which grades?

We are especially interested in how you would justify that it should be used or that it should not be used. Please tell us below,

and use as much space as you want (including the back) to justify your answer.

6HFRQG�4XHVWLRQQDLUH�IRU�DOJHEUD�DQG�JHRPHWU\�FODVV
/DVW�ZHHN�\RX�ZHUH�VKRZQ�D�KHDS�ERDUG��ZKLFK�KDV�D�GLIIHUHQW�GHVLJQ�IURP�WKH�GHFLPDO�ERDUGV��+HUH�DUH�D�IHZ�TXHVWLRQV�
1. Which of the two types of boards, heap or decimal, is more interesting for you?

2. If both types of boards were used, which type is suitable for which grades?

3. Which boards are more suitable for what tasks? (Here you don’t need to justify your answers; just say what you think.)

results for algebra and geometry class
Which board is more interesting?   

(TXDOO\�LQWHUHVWLQJ�� �� ��� �
'HFLPDO�� � � � ��� � �
+HDS����� �� � � ��� � � �
7RWDO�� �� � � � ��

   

Questionnaire for statistics class
We have shown you two kinds of counting boards. We really want to know your opinions about how useful they can be in
teaching math in schools. So take your time to answer the four questions, two below and two on the back of this sheet.

decImal Boards 
1. Are you familiar enough with decimal boards to show them to somebody else? Yes  Possibly  No

2. Do you think that decimal boards would be useful in teaching math in schools?  Yes   No opinion No

Explain your opinion by talking about different level of students, preschool-kindergarten, elementary, middle school, and

high school. Also talk about different tasks for which the decimal board may be used. (Use the back of the page to continue.)

HeaP Boards
3. Are you familiar enough with heap boards to show them to somebody else?  Yes  Possibly   No

4. Do you think that heap boards would be useful in teaching math in schools?   Yes   No opinion No

Explain your opinion as above, and also you may compare the use of both kinds of boards.

(You may use the space below, or you may ask for an extra sheet of paper.)

results for statistics class
Answers to the question whether they could explain the boards       Answer to the question whether a board should be used in schools  
       decimal            Heap                decimal      Heap

Yes     6   17         Yes    18   23

Probably       15     6         No opinion    6     1

No     4    1         No         1      0

summary of oPInIons of 9 (of 11)
students on QuestIonnaIres aBout
tHe use of tHe Board
+HDS�ERDUGV should be used in early grades to teach counting,

addition and subtraction.

'HFLPDO�ERDUGV�should be used in later grades to teach all

arithmetic operations.

QuestIonnaIres and results


